We prove that ground states of gapped local Hamiltonians on an infinite spin chain can be efficiently approximated by matrix product states with a bond dimension which scales as D ∼ (ℓ−1)/ǫ, where any local quantity on ℓ consecutive spins is approximated to accuracy ǫ.
Matrix product states (MPS) provide a systematic way of parameterizing ground states of local quantum spin chains. In the case of a quantum Hamiltonian defined on a finite spin chain with N sites and a gap ∆ above the ground state |Φ , it has been proven that there exists a matrix product state |ψ D with bond dimension D which approximates the ground state up to precision [1, 2] . This fact provides the theoretical justification for the success of the density matrix renormalization group method.
It has for long been an open problem whether a similar result holds in the thermodynamic limit (i.e., N → ∞), or more generally whether there exist approximations whose cost does not scale with N . For the exisiting results, such a scaling is unavoidable since we are aiming for good global approximations, yet states necessarily become orthogonal in the thermodynamic limit. However, this is clearly asking too much: For a faithful approximation of ground states of local Hamiltonians, a good approximation of local quantities is surely sufficient.
In this paper, we show how to construct an efficient matrix product approximation to ground states of local Hamiltonians in the thermodynamic limit which reproduces all local quantities faithfully. More precisely, we will show that in order to approximate the exact ground state of an infinite spin chain with nearest neighbor interactions by an MPS with bond dimension D such that all reduced density matrices ρ ℓ on ℓ spins are ǫ-close in trace norm to the ones of the exact ground state, σ ℓ , we only need a bond dimension which scales as
with ∆ the gap of the infinite spin chain (with the convention that all local terms have norm ≤ 1) and c 1 and c 2 universal constants which only depend on the local Hilbert space dimension. This is proven by making use of the results in Refs. [3, 4] , which show that the sum δ of all but the leading χ Schmidt coefficients squared for any spin system along any cut is bounded by
We now construct a matrix product operator (MPO) on k sites by cutting the exact ground state k + 1 times and then tracing the outer spins, Fig. 1 . In order to obtain a translational invariant MPO for the infinite chain, we take an infinite tensor product of this MPO with itself, and sum over all k translations. The resulting MPO has bond dimension D = kχ 2 , and its reduced state on ℓ contiguous sites approximates the ground state up to error
, we can solve for δ and χ, substitute in Eq. (1), and immediately obtain the result (withc 1 = 108 c 1 ).
For small ǫ, the exponential term grows slower than (ℓ/ǫ) α for any α > 0 and thus becomes negligible, so that we effectively arrive at the result that
This is an extremely strong result: It shows that all local quantities in a ground state of any gapped quantum spin chain can be approximated efficiently using a MPS, at a cost which only scales linearly in the required precision, and is asymptotically independent of the gap.
